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Abstract
We present a simultaneous analysis, within an impact parameter dependent saturated
dipole model, of exclusive diffractive vector meson (J/ψ, φ and ρ) production, deeply
virtual Compton scattering and the total γ∗p cross section data measured at HERA.
Various cross sections measured as a function of the kinematic variables Q2, W and t are
well described, with little sensitivity to the details of the vector meson wave functions.
We determine the properties of the gluon density in the proton in both longitudinal and
transverse dimensions, including the impact parameter dependent saturation scale. The
overall success of the description indicates universality of the emerging gluon distribution
and proton shape.
1 Introduction
Exclusive diffractive processes at HERA, such as exclusive vector meson production or deeply
virtual Compton scattering (DVCS), are excellent probes of the proton shape in the perturbative
regime. Several investigations have already shown that these processes can be well described
within a QCD dipole approach with the vector meson wave functions determined by educated
guesses and the photon wave function computed within QED; see, for example, Refs. [1–11].
It was also pointed out some time ago that the exclusive vector meson and DVCS processes
provide severe constraints on the gluon density at low-x [12–21].
The vector meson and DVCS processes are measured at HERA [22–31] in the small-x
regime where the behaviour of the inclusive deep-inelastic scattering (DIS) cross section, or the
structure function F2, is driven by the gluon density. The dipole model allows these processes
to be calculated, through the optical theorem, from the gluon density determined by a fit to the
total inclusive DIS cross sections. Usually, it is assumed that the evolution of the gluon density
is independent of the proton shape in the transverse plane. The investigation of Kowalski
and Teaney (KT) [1] has shown that the Gaussian form of the proton shape, implied by the
data, has implications on the emerging pattern of QCD evolution and saturation effects. The
interplay of saturation and evolution effects was first investigated by Bartels, Golec-Biernat
and Kowalski [32], where it was found that the total inclusive DIS cross sections, or F2, can
be described either by strong saturation and weak evolution or by strong evolution and weak
saturation effects. The investigation of Ref. [1], which took into account also the proton shape
in the transverse plane, concluded that saturation effects are substantial in the proton centre,
but that the Gaussian form implies that a large contribution to the cross section has to come
from the outskirts of the proton, where the gluon density is diluted. Hence the evolution effects
have to be strong and play an important role. An alternative approach to determining the
impact parameter dependent gluon distribution, based on a two-Pomeron model, is discussed
in Refs. [33, 34].
Another important result of dipole model investigations is that a wide variety of DIS data
can be described with only a few assumptions. The investigations of Refs. [32,35–38] show that
the inclusive DIS cross section can be described together with the inclusive diffractive DIS cross
section. Moreover, in Ref. [1] it was shown that the inclusive DIS process can be described
together with inclusive charm production and exclusive diffractive J/ψ photoproduction. This
description preserves also the main properties of the inclusive diffractive DIS cross section [39].
In this paper we will extend the analysis of Ref. [1] and show that the same minimal set of
assumptions allows the description of a much wider set of recently measured data on exclusive
J/ψ, φ and ρ photo- and electroproduction and also the DVCS process. The cross sections for
these processes have been measured as a function of the photon virtuality, Q2, the γ∗p centre-
of-mass energy, W , and the squared momentum transfer, t. In addition, for vector mesons the
ratios of the cross sections for longitudinally and transversely polarised incoming photons have
been determined as a function of Q2.
To perform the analysis we use an impact parameter dependent saturated dipole model in
which the gluon density is determined by a DGLAP fit to the total inclusive DIS cross sections.
The wave function of the virtual photon is known from QED and the proton and vector meson
wave functions are assumed to have a Gaussian shape. The parameters of these Gaussian
distributions are easily determined from data. The results are compared to numerous data
distributions provided by the HERA experiments. In this framework the W distributions are
mainly sensitive to the square of the gluon density and the Q2 distributions and σL/σT ratios
to the properties of the vector meson wave functions. The proper choice of the wave functions
is also confirmed by the agreement of the predicted size of the cross sections with data. In the
dipole model the absolute normalisation of the vector meson cross sections follows from the
optical theorem.
The t-distributions determine the area size of the interaction region, BD. The parameter
BD is obtained by making a fit to the t-distributions of the form dσ/dt ∝ exp(−BD|t|). For
scattering of very small dipoles BD is connected to the proton radius Rp via BD = R
2
p/3.
However, for larger dipoles the size of the interaction area depends not only on the proton
radius but also on the size of the produced vector meson or real photon, which we take into
account following the work of Bartels, Golec-Biernat and Peters (BGBP) [40]. This allows the
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Figure 1: The elastic scattering of a virtual photon on a proton in the dipole representation.
data for all vector mesons and DVCS to be described using a unique Gaussian proton shape,
independent of the produced final state.
2 The dipole model
In the dipole model, deep inelastic scattering is viewed as the interaction of a colour dipole,
that is, mostly a quark–antiquark pair, with the proton. The transverse size of the pair is
denoted by r and a quark carries a fraction z of the photon’s light-cone momentum. In the
proton rest frame, the dipole lifetime is much longer than the lifetime of its interaction with the
target proton. Therefore, the elastic γ∗p scattering is assumed to proceed in three stages: first
the incoming virtual photon fluctuates into a quark–antiquark pair, then the qq¯ pair scatters
elastically on the proton, and finally the qq¯ pair recombines to form a virtual photon. This is
shown schematically in Fig. 1.
The amplitude for the elastic process γ∗p → γ∗p, Aγ∗p(x,Q,∆), is simply the product of
amplitudes of these three subprocesses integrated over the dipole variables r and z:
Aγ∗p(x,Q,∆) =
∑
f
∑
h,h¯
∫
d2r
∫ 1
0
dz
4π
Ψ∗hh¯(r, z, Q)Aqq¯(x, r,∆)Ψhh¯(r, z, Q), (1)
where Ψhh¯(r, z, Q) denotes the amplitude for the incoming virtual photon to fluctuate into a
quark–antiquark dipole with helicities h and h¯ and flavour f . We suppress here references to
the photon helicities for simplicity. Aqq¯(x, r,∆) is the elementary amplitude for the scattering
of a dipole of size r on the proton, ∆ denotes the transverse momentum lost by the outgoing
proton, and x is the Bjorken variable. Note that, following Ref. [1], we choose a slightly different
convention from that commonly used, in that we include a factor of 1/(4π) in the integration
measure; this convention is reflected in the normalisation of the photon and vector meson wave
functions.
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The elementary elastic amplitudeAqq¯ is defined such that the elastic differential cross section
for the qq¯ pair scattering on the proton is
dσqq¯
dt
=
1
16π
|Aqq¯(x, r,∆)|2 , (2)
where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:
Aqq¯(x, r,∆) =
∫
d2b e−ib·∆Aqq¯(x, r, b) = i
∫
d2b e−ib·∆ 2 [1− S(x, r, b)] . (3)
This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for
the qq¯ pair scattering on the proton to the imaginary part of the forward scattering amplitude:
σqq¯(x, r) = ImAqq¯(x, r,∆ = 0) =
∫
d2b 2[1−ReS(x, r, b)]. (4)
The integration over b of the S-matrix element motivates the definition of the qq¯–p differential
cross section as
dσqq¯
d2b
= 2[1−ReS(x, r, b)]. (5)
The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),
by integrating the dipole cross section with the photon wave functions:
σγ
∗p
T,L(x,Q) = ImAγ
∗p
T,L(x,Q,∆ = 0) =
∑
f
∫
d2r
∫ 1
0
dz
4π
(Ψ∗Ψ)fT,L σqq¯(x, r), (6)
with the overlap of the photon wave functions (Ψ∗Ψ)fT,L defined as
(Ψ∗Ψ)fT ≡
1
2
∑
h,h¯
[
Ψ∗hh¯,λ=+1Ψhh¯,λ=+1 +Ψ
∗
hh¯,λ=−1Ψhh¯,λ=−1
]
, (7)
(Ψ∗Ψ)fL ≡
∑
h,h¯
Ψ∗hh¯,λ=0Ψhh¯,λ=0, (8)
where λ denotes the photon helicity and f the flavour of the qq¯ pair. The dependence on the
quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2
(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).
The amplitude for production of an exclusive final state E, such as a vector meson (E = V )
or a real photon in DVCS (E = γ), is given by
Aγ∗p→EpT,L (x,Q,∆) =
∫
d2r
∫ 1
0
dz
4π
(Ψ∗EΨ)T,L Aqq¯(x, r,∆) (9)
= i
∫
d2r
∫ 1
0
dz
4π
∫
d2b (Ψ∗EΨ)T,L e
−ib·∆ 2[1− S(x, r, b)], (10)
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real
photon.
where (Ψ∗EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For
DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis
of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that
the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r ·∆/2]. Effectively, the momentum transfer ∆ should
conjugate to b + (1− z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton
to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.
Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]
in (10) with dσqq¯/d
2b.
These two changes lead to
Aγ∗p→EpT,L (x,Q,∆) = i
∫
d2r
∫ 1
0
dz
4π
∫
d2b (Ψ∗EΨ)T,L e
−i[b−(1−z)r]·∆ dσqq¯
d2b
. (11)
The elastic diffractive cross section is then given by
dσγ
∗p→Ep
T,L
dt
=
1
16π
∣∣∣Aγ∗p→EpT,L ∣∣∣2 = 116π
∣∣∣∣
∫
d2r
∫ 1
0
dz
4π
∫
d2b (Ψ∗EΨ)T,L e
−i[b−(1−z)r]·∆ dσqq¯
d2b
∣∣∣∣
2
. (12)
This is the basic equation for the simultaneous analysis of different exclusive processes per-
formed in this paper.
2.1 Forward photon wave functions
The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon
polarisation (λ = 0) is given by [9]
Ψhh¯,λ=0(r, z, Q) = efe
√
Nc δh,−h¯ 2Qz(1− z)
K0(ǫr)
2π
, (13)
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and for the transverse photon polarisations (λ = ±1) by
Ψhh¯,λ=±1(r, z, Q) = ±efe
√
2Nc
{
ie±iθr [zδh,±δh¯,∓ − (1− z)δh,∓δh¯,±]∂r + mfδh,±δh¯,±
} K0(ǫr)
2π
,
(14)
where e =
√
4παem, the subscripts h and h¯ are the helicities of the quark and the antiquark
respectively and θr is the azimuthal angle between the vector r and the x-axis in the transverse
plane. K0 is a modified Bessel function of the second kind, ǫ
2 ≡ z(1− z)Q2+m2f and Nc = 3 is
the number of colours. The flavour f dependence enters through the values of the quark charge
ef and mass mf , and ∂rK0(ǫr) = −ǫK1(ǫr).
2.1.1 Total DIS cross sections
In the case of the total DIS cross section σγ
∗p, which is obtained from the elastic γ∗p → γ∗p
amplitude via the optical theorem, the squared photon wave functions summed over the quark
helicities for a given photon polarisation and quark flavour are given by the tree-level QED
expressions:
(Ψ∗Ψ)fT ≡
1
2
∑
h,h¯=± 1
2
λ=±1
Ψ∗hh¯,λΨhh¯,λ =
2Nc
π
αeme
2
f
{[
z2 + (1− z)2] ǫ2K21(ǫr) +m2fK20 (ǫr)} , (15)
(Ψ∗Ψ)fL ≡
∑
h,h¯=± 1
2
Ψ∗hh¯,λ=0Ψhh¯,λ=0 =
8Nc
π
αeme
2
fQ
2z2(1− z)2K20 (ǫr). (16)
At small dipole sizes these expressions are well motivated since they can be derived from the
LO kt-factorisation formulae. At large dipole sizes the wave functions are suppressed, since
for large values of the argument the modified Bessel functions behave as K0(ǫr), K1(ǫr) ∼√
π/(2ǫr) exp(−ǫr). At larger Q2 values the wave functions are suppressed for large r unless
z is close to the end-point values of zero or one.1 Near the end-points or at small Q2 the wave
functions are sensitive to the non-zero quark masses mf , which prevent the integrals over r of
the modified Bessel functions from diverging. Of course, near the end-points or at small Q2 the
expressions (15) and (16) should be considered as a model in which the value of the light quark
masses provides a cut-off scale which should be related to the physical cut-off scale generated
by confinement effects. It is therefore customary in dipole models to identify the light quark
masses with the pion mass.
2.1.2 Deeply virtual Compton scattering
In addition to the total DIS cross section σγ
∗p, the photon wave functions determine also
the DVCS process, γ∗p → γp. Here the outgoing photon is real and therefore the process is
directly observed at HERA. For real photons, only the transversely polarised overlap function
1This is the origin of the statement that the transverse cross section is more inherently non-perturbative
than the longitudinal cross section, since the contribution from the end-points is suppressed for the longitudinal
but not the transverse case, see (15) and (16).
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contributes to the cross section. Summed over the quark helicities, for a given quark flavour f
it is given by
(Ψ∗γΨ)
f
T =
2Nc
π
αeme
2
f
{[
z2 + (1− z)2] ǫK1(ǫr)mfK1(mfr) +m2fK0(ǫr)K0(mfr)} . (17)
2.2 Forward vector meson wave functions
Various conventions are used in the literature for the forward vector meson wave functions.
Recently, Forshaw, Sandapen and Shaw (FSS) [9] suggested some guidelines for bringing order
into this problem. We will adopt their prescription in this section, apart from the overall
normalisation factor of 1/(4π) discussed previously, which in our case appears in the integration
measure.
The simplest approach to modelling the vector meson wave function is to assume, following
Refs. [1, 5, 9], that the vector meson is predominantly a quark–antiquark state and that the
spin and polarisation structure is the same as in the photon case. In complete analogy to the
transversely polarised photon wave function (14), the transversely polarised vector meson wave
function is
ΨVhh¯,λ=±1(r, z) = ±
√
2Nc
1
z(1− z)
{
ie±iθr [zδh,±δh¯,∓ − (1− z)δh,∓δh¯,±]∂r + mfδh,±δh¯,±
}
φT (r, z).
(18)
The longitudinally polarised wave function is slightly more complicated due to the fact that
the coupling of the quarks to the meson is non-local, contrary to the photon case [9]. It is given
by
ΨVhh¯,λ=0(r, z) =
√
Nc δh,−h¯
[
MV + δ
m2f −∇2r
MV z(1− z)
]
φL(r, z), (19)
where ∇2r ≡ (1/r)∂r + ∂2r and MV is the meson mass. The difference in the structure of
the longitudinal wave function is due to the non-local term proportional to δ, which was first
introduced by Nemchik, Nikolaev, Predazzi and Zakharov (NNPZ) [2, 4].
Formulae (18) and (19) uniquely define the scalar part of the vector meson wave function
φT,L(r, z), which is obtained from the photon wave function by the replacement
efe z(1− z) K0(ǫr)
2π
−→ φT,L(r, z), (20)
with the prefactor 2Q → MV for the case of the longitudinal polarisation. Note that this
definition of φT,L(r, z)|r=0 matches, up to a constant factor, the definition of the distribution
amplitude in QCD.
The overlaps between the photon and the vector meson wave functions read then:
(Ψ∗VΨ)T = eˆfe
Nc
πz(1− z)
{
m2fK0(ǫr)φT (r, z)−
[
z2 + (1− z)2] ǫK1(ǫr)∂rφT (r, z)} , (21)
(Ψ∗VΨ)L = eˆfe
Nc
π
2Qz(1− z)K0(ǫr)
[
MV φL(r, z) + δ
m2f −∇2r
MV z(1− z)φL(r, z)
]
, (22)
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where the effective charge eˆf = 2/3, 1/3, or 1/
√
2, for J/ψ, φ, or ρ mesons respectively.
Although it seems to be more natural to set δ = 1 as it was done in Refs. [2,4,9], we shall also
use the value δ = 0 in order to match the assumptions of other models [1, 5]. Note that the
additional factor of 1/[z(1− z)] in (21) and (22) as compared to the photon overlap functions
(15) and (16) is due to the identification (20).
The usual assumption that the quantum numbers of the meson are saturated by the quark–
antiquark pair, that is, that the possible contributions of gluon or sea-quark states to the wave
function may be neglected, allows the normalisation of the vector meson wave functions to
unity:
1 =
∑
h,h¯
∫
d2r
∫ 1
0
dz
4π
∣∣∣ΨVhh¯,λ(r, z)∣∣∣2 . (23)
Thus, in the scheme presented here the normalisation conditions for the scalar parts of the
wave functions are
1 =
Nc
2π
∫ 1
0
dz
z2(1− z)2
∫
d2r
{
m2fφ
2
T +
[
z2 + (1− z)2] (∂rφT )2} , (24)
1 =
Nc
2π
∫ 1
0
dz
∫
d2r
[
MV φL + δ
m2f −∇2r
MV z(1− z) φL
]2
. (25)
Another important constraint on the vector meson wave functions is obtained from the decay
width. It is commonly assumed that the decay width can be described in a factorised way;
the perturbative matrix element qq¯ → γ∗ → l+l− factorises out from the details of the wave
function, which contributes only through its properties at the origin.2 The decay widths are
then given by
fV,T = eˆf
Nc
2πMV
∫ 1
0
dz
z2(1− z)2
{
m2f −
[
z2 + (1− z)2]∇2r}φT (r, z)
∣∣∣∣
r=0
, (26)
fV,L = eˆf
Nc
π
∫ 1
0
dz
[
MV + δ
m2f −∇2r
MV z(1− z)
]
φL(r, z)
∣∣∣∣
r=0
. (27)
The coupling of the meson to the electromagnetic current, fV , is obtained from the measured
electronic decay width by
ΓV→e+e− =
4πα2emf
2
V
3MV
. (28)
In order to complete the model of the vector meson wave function the scalar parts of the
wave functions φT,L(r, z) should be specified. In the photon case the scalar part is given by
modified Bessel functions, whereas for vector mesons various quark models tell us that a hadron
at rest can be modelled by Gaussian fluctuations in transverse separation. The proton wave
function is also directly seen to have a Gaussian form from the t-distributions of vector mesons
at HERA; see the discussion of the proton shape below. After assuming a Gaussian form the
modelling freedom reduces to the choice of a fluctuating variable.
2Usually, one assumes that the factorisation holds and that the perturbative QCD corrections are similar
for the process of vector meson production γ∗(Q2) + 2g → V and for the vector meson decay V → γ∗ → l+l−,
thus the corrections can be absorbed into the wave function.
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Meson MV /GeV fV mf/GeV NT R
2
T/GeV
−2 NL R
2
L/GeV
−2
J/ψ 3.097 0.274 1.4 1.23 6.5 0.83 3.0
φ 1.019 0.076 0.14 4.75 16.0 1.41 9.7
ρ 0.776 0.156 0.14 4.47 21.9 1.79 10.4
Table 1: Parameters of the “Gaus-LC” vector meson wave functions.
Dosch, Gousset, Kulzinger and Pirner (DGKP) [5] made the simplest assumption that the
longitudinal momentum fraction z fluctuates independently of the transverse quark momentum
k, where k is the Fourier conjugate variable to the dipole vector r. In what follows, this type
of scalar wave function will be called the factorised wave function. In the DGKP model the
parameter δ = 0 in (22), (25) and (27). The DGKP model was further simplified by Kowalski
and Teaney [1], who assumed that the z dependence of the wave function for the longitudinally
polarised meson is given by the short-distance limit of z(1 − z) [17]. For the transversely
polarised meson they set φT (r, z) ∝ [z(1 − z)]2 in order to suppress the contribution from the
end-points (z → 0, 1). This leads to the “Gaus-LC” [1] wave functions given by3
φT (r, z) = NT [z(1− z)]2 exp(−r2/2R2T ), (29)
φL(r, z) = NLz(1− z) exp(−r2/2R2L). (30)
The values of the constants NT,L and RT,L in (29) and (30), determined by requiring the correct
normalisation and by the condition fV = fV,T = fV,L, are given in Table 1.
The main advantage of the factorised wave functions is their simplicity. Probably a more
realistic approach starts from the observation of Brodsky, Huang and Lepage [42] that the
fluctuation of the quark three-momentum p in the rest frame of the meson could be described
in a boost-invariant form. In the meson rest frame, the momentum p is connected to the qq¯
invariant mass by M2 = 4(p2 +m2f ). In the light-cone frame, the qq¯ invariant mass is given by
M2 = (k2 +m2f )/[z(1− z)]. This leads to
p2 =
k2 +m2f
4z(1− z) −m
2
f , (31)
and a simple ansatz for the scalar wave function in momentum space of
φ˜T,L(k, z) ∝ exp
[
−R
2
8
(
k2 +m2f
z(1− z) − 4m
2
f
)]
. (32)
This is the basis for the “boosted Gaussian” wave function of FSS [9], which was first proposed
by NNPZ [2, 4].4 In the configuration space these wave functions are given by the Fourier
transform of (32):
φT,L(r, z) = NT,Lz(1− z) exp
(
− m
2
fR2
8z(1− z) −
2z(1− z)r2
R2 +
m2fR2
2
)
. (33)
3Kowalski and Teaney [1] used a somewhat different convention; see the appendix for more details.
4Following FSS [9] we set the Coulombic part of the NNPZ wave function [2, 4] to zero to avoid singular
behaviour at the origin. This should be reasonable for ρ and φ mesons, but has less justification for J/ψ mesons.
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Meson MV /GeV fV mf/GeV NT NL R2/GeV−2 fV,T
J/ψ 3.097 0.274 1.4 0.578 0.575 2.3 0.307
φ 1.019 0.076 0.14 0.919 0.825 11.2 0.075
ρ 0.776 0.156 0.14 0.911 0.853 12.9 0.182
Table 2: Parameters of the “boosted Gaussian” vector meson wave functions.
Note that the “boosted Gaussian” wave function has the proper short-distance limit, ∼ z(1−z),
for mf → 0. Following the authors of the model we set δ = 1 in equations (22), (25) and
(27), defining the longitudinally polarised overlap, the normalisation and the decay constant
respectively. We choose the “radius” parameter R to reproduce the experimentally measured
leptonic decay width of the vector meson for the longitudinally polarised case. This means that
the calculated decay width for the transversely polarised case will be slightly different. The
parameters R and NT,L are determined by the normalisation conditions (24) and (25) and the
decay width condition (27).
The parameters of the “boosted Gaussian” wave function are given in Table 2, where we
also show the value of fV,T (26) computed using the given values of R and NT . (Recall that
we require that fV,L = fV .)
The “boosted Gaussian” wave function is very similar to the “Gaus-RF” wave function used
in the KT investigation [1], except for the Jacobian of the transformation from the rest frame
variables to the light-cone variables. We focus here on the “boosted Gaussian” version because
of the proper short distance limit of the z dependence. The “CORNELL” wave function used in
Ref. [1] cannot be used for light vector mesons since it was obtained within the nonrelativistic
bound-state model.
Comparing the values of the radius parameters given in Tables 1 and 2 we note that the
meson description with the “boosted Gaussian” wave function is more self-consistent; the values
of the radius parameters RT and RL for the “Gaus-LC” wave functions are very different
indicating that there are large dynamical corrections to at least one of the meson polarisation
states. For the “boosted Gaussian” there is only one radius parameter R, since the description
of the meson is assumed to be boost-invariant between the meson rest frame and the light-cone
frame. The shortcoming of this approach is that the predicted decay constant fV differs slightly
between the transverse and the longitudinal polarisation components. However, the differences
between the decay constants of the “boosted Gaussian” wave function are relatively small
compared to the differences between the radii of the “Gaus-LC” wave function. To quantify
this effect we fix the parameter RT of the “Gaus-LC” wave function to the same value as RL,
then we predict the value of the decay constant fV,T (allowing for NT to be determined from
the normalisation constraint). The resulting values of fV,T were 0.44, 0.13 and 0.33 for J/ψ, φ
and ρ mesons respectively, to be compared with the experimental values of fV (= fV,L) of 0.27,
0.08 and 0.16. That is, the differences between fV,T and fV,L for the “Gaus-LC” wave function
are much larger than the equivalent differences for the “boosted Gaussian” wave function; see
Table 2.
The agreement between the decay constants for the longitudinal and transverse polarisation
with the “boosted Gaussian” wave function is particularly good for the φ meson wave function.
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We note, en passant, that the difference between the two decay constants fV,T and fV,L depends
on the assumed quark mass; for the φ meson the difference is minimal for the strange quark
mass of 0.14 GeV, for the J/ψ meson it is minimal for the charm quark mass of 1.15 GeV, and
for the ρ meson it decreases slightly with decreasing quark mass but there is still a significant
difference even when the quark mass is set to zero.5
In Fig. 3 we show the overlap functions between the photon and vector meson wave functions
integrated over z for the three different vector mesons at Q2 values representative of the data
discussed later in Sect. 3. To be precise, we plot the quantity
2πr
∫ 1
0
dz
4π
(Ψ∗VΨ)T,L. (34)
The plots show that the longitudinal overlap functions for the “Gaus-LC” and “boosted Gaus-
sian” cases are more similar than the transverse overlap functions for all three vector mesons.
For the φ meson there is also a good agreement for the transverse overlap function. This indi-
cates that observable quantities for φ mesons computed with either the “Gaus-LC” or “boosted
Gaussian” wave functions should be very similar, in spite of the sizable disagreement between
R2T and R
2
L for the “Gaus-LC” wave function.
2.3 Dipole cross sections
2.3.1 Review of dipole cross sections
The dipole model became an important tool in investigations of deep-inelastic scattering due
to the initial observation of Golec-Biernat and Wu¨sthoff (GBW) [35, 36] that a simple ansatz
for the dipole cross section integrated over the impact parameter b, σqq¯, was able to describe
simultaneously the total inclusive and diffractive DIS cross sections:
σGBWqq¯ (x, r) = σ0
(
1− e−r2Q2s(x)/4
)
, (35)
where σ0 is a constant and Qs(x) denotes the x dependent saturation scale, Q
2
s(x) = (x0/x)
λGBW
GeV2. The parameters σ0 = 23 mb, λGBW = 0.29 and x0 = 3×10−4 were determined from a fit
to the F2 data without including charm quarks. After inclusion of the charm quark contribution
with mass mc = 1.5 GeV into the fit, the parameters of the GBW model changed to σ0 = 29
mb, λGBW = 0.28 and x0 = 4× 10−5. Although the dipole model is theoretically well justified
for small-size dipoles only, the GBW model provided a good description of data from medium
Q2 values (∼ 30 GeV2) down to low Q2 (∼ 0.1 GeV2). The saturation scale Q2s is intimately
related to the gluon density in the transverse plane. The exponent λGBW determines therefore
the growth of the total and diffractive cross sections with decreasing x. For dipole sizes which
are large in comparison to 1/Qs the dipole cross section saturates by approaching a constant
value σ0, which becomes independent of λGBW. It is a characteristic feature of the GBW model
5For the φ meson, the relative difference of decay constants fV,T and fV,L is 11% for ms = 0.3 GeV and 3%
for ms = 0.05 GeV. For the ρ meson, the relative difference of decay constants is 36% for mu,d = 0.3 GeV and
14% for mu,d = 0.05 GeV.
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Figure 3: Overlap functions (21) and (22) between the photon and vector meson wave functions
integrated over z for the three different vector mesons at Q2 values representative of the data.
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that a good description of data is due to large saturation effects, that is, the strong growth due
to the factor x−λGBW is, for large dipoles, significantly flattened by the exponentiation in (35).
The assumption of dipole saturation provided an attractive theoretical background for in-
vestigation of the transition from the perturbative to non-perturbative regimes in the HERA
data. Despite the appealing simplicity and success of the GBW model it suffers from clear
shortcomings. In particular it does not include scaling violations, that is, at large Q2 it does
not match with QCD (DGLAP) evolution. Therefore, Bartels, Golec-Biernat and Kowalski
(BGBK) [32] proposed a modification of the original ansatz of (35) by replacing Q2s by a gluon
density with explicit DGLAP evolution:
σBGBKqq¯ (x, r) = σ0
{
1− exp [−π2r2αs(µ2)xg(x, µ2)/(3σ0)]} . (36)
The scale of the gluon density, µ2, was assumed to be µ2 = C/r2 + µ20, and the gluon density
was evolved according to the leading-order (LO) DGLAP equation without quarks.
The BGBK form of the dipole cross section led to significantly better fits to the HERA F2
data than the original GBW model, especially in the region of larger Q2. The good agreement
of the original model with the DIS diffractive HERA data was also preserved. However, the
contribution from charm quarks was omitted in the BGBK analysis.
The BGBK analysis found, surprisingly, that there exist two distinct solutions, both giving
a very good description of the HERA data, depending on the quark mass in the photon wave
function. The first solution was obtained assuming mu,d,s = 0.14 GeV and led to the initial
gluon density, xg(x, µ20) ∝ x−λg , with the value of exponent λg = 0.28 at µ20 = 0.52 GeV2, which
is very similar to the λGBW. As in the original model, the good agreement with data was due
to substantial saturation effects. In the second solution, which took mu,d,s = 0, the value of the
exponent was very different, λg = −0.41 at a fixed µ20 = 1 GeV2. The initial gluon density no
longer rose at small x; it was valence-like, and QCD evolution played a much more significant
role than in the solution with mu,d,s = 0.14 GeV.
The DGLAP evolution, which is generally used in the analysis of HERA data, may not be
appropriate when x approaches the saturation region. Therefore, Iancu, Itakura and Munier [37]
proposed a new saturation model, the Colour Glass Condensate (CGC) model, in which gluon
saturation effects are incorporated via an approximate solution of the Balitsky–Kovchegov
equation [43–45]. The CGC dipole cross section is
σCGCqq¯ (x, r) = σ0 ×

N0
(
rQs
2
)2(γs+ 1κλY ln 2rQs ) : rQs ≤ 2
1− e−A ln2(BrQs) : rQs > 2
, (37)
where Y = ln(1/x), γs = 0.63, κ = 9.9 and Qs ≡ Qs(x) = (x0/x)λ/2. The free parameters σ0,
N0, λ and x0 were determined by a fit to HERA F2 data. The coefficients A and B in the
second line of (37) are determined uniquely from the condition that σCGCqq¯ , and its derivative
with respect to rQs, are continuous at rQs = 2:
A = − N
2
0 γ
2
s
(1−N0)2 ln(1−N0) , B =
1
2
(1−N0)−
(1−N0)
N0γs . (38)
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Later, also Forshaw and Shaw (FS) [38] proposed a Regge-type model with saturation effects.
The CGC and FS models provide a description of HERA inclusive and diffractive DIS data
which is better than the original GBW model and comparable in quality to the BGBK analysis.
Both models find strong saturation effects in HERA data comparable to the GBW model and
the solution of the BGBK model with mu,d,s = 0.14 GeV.
All approaches to dipole saturation discussed so far ignored a possible impact parameter
dependence of the dipole cross section. This dependence was introduced in this context by
KT [1], who assumed that the dipole cross section is a function of the opacity Ω, following for
instance Ref. [3]:
dσqq
d2b
= 2
(
1− e−Ω2
)
. (39)
At small x the opacity Ω can be directly related to the gluon density, xg(x, µ2), and the
transverse profile of the proton, T (b):
Ω =
π2
Nc
r2 αS(µ
2) xg(x, µ2)T (b). (40)
The formulae of (39) and (40) are called the Glauber–Mueller dipole cross section. The diffrac-
tive cross section of this type was used around 50 years ago to study the diffractive dissociation
of deuterons by Glauber [46] and reintroduced by Mueller [47] to describe dipole scattering in
deep-inelastic processes.
2.3.2 Applied dipole cross sections
Since the description of exclusive vector meson production is the focus of this investigation we
concentrate here on impact parameter dependent dipole cross sections. First, we use the same
form of the differential dipole cross section as in the KT investigation [1]:
dσqq¯
d2b
= 2
[
1− exp
(
− π
2
2Nc
r2αS(µ
2)xg(x, µ2)T (b)
)]
. (41)
Here, the scale µ2 is related to the dipole size r by µ2 = 4/r2+µ20. The gluon density, xg(x, µ
2),
is evolved from a scale µ20 up to µ
2 using LO DGLAP evolution without quarks:
∂xg(x, µ2)
∂ lnµ2
=
αS(µ
2)
2π
∫ 1
x
dz Pgg(z)
x
z
g
(x
z
, µ2
)
. (42)
The initial gluon density at the scale µ20 is taken in the form
xg(x, µ20) = Ag x
−λg (1− x)5.6. (43)
The values of the parameters µ20, Ag, and λg are determined from a fit to F2 data. For the
light quarks, the gluon density is evaluated at x = xB (Bjorken-x), while for charm quarks,
x = xB(1 + 4m
2
c/Q
2). The contribution from beauty quarks is neglected. For vector meson
production, the gluon density is evaluated at x = xB(1 +M
2
V /Q
2). The LO formula for the
running strong coupling αS(µ
2) is used, with three fixed flavours and ΛQCD = 0.2 GeV.
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The proton shape function T (b) is normalised so that∫
d2b T (b) = 1. (44)
We consider first a Gaussian form for T (b), that is,
TG(b) =
1
2πBG
e
− b
2
2BG , (45)
where BG is a free parameter which is fixed by the fit to the differential cross sections dσ/dt
for exclusive vector meson production. This distribution yields the average squared transverse
radius of the proton,
〈b2〉 = 2BG. (46)
Assuming that the Gaussian distribution given by (45) holds also in three dimensions (with a
different normalisation factor) we obtain the relationship between the parameter BG and the
Hofstadter radius of the protonRp, namely R
2
p = 3BG. Note that the Hofstadter experiment [48]
measured the electromagnetic radius whereas we probe the gluonic distribution of the proton.
The two-dimensional Fourier transform of (45) has the exponential form which is supported
by the data:6
dσγ
∗p→V p
dt
∝ e−BG|t|. (47)
Alternatively, we assume that the gluonic density in the proton is evenly distributed over a
certain area within a sharp boundary, and is zero beyond this boundary. That is, we assume a
step function, again normalised as in (44):
TS(b) =
1
πb2S
Θ (bS − b) , (48)
where bS is a free parameter, for which the average squared transverse radius of the proton is
〈b2〉 = b
2
S
2
. (49)
This is the form of T (b) implicitly used in all b-independent parameterisations of the dipole
cross section. That is, it is usually assumed that
dσqq¯
d2b
≡ 2[1−ReS(x, r, b)] ≡ 2N (x, r, b) = 2N (x, r)Θ (bS − b) , (50)
so that integration over b gives
σqq¯(x, r) = σ0N (x, r), (51)
where the parameter σ0 ≡ 2πb2S is usually obtained by fitting to the F2 data. This is the form
assumed in the GBW model (35), the BGBK model (36), and the CGC model (37). Note that
6Note that for exclusive diffractive processes at large values of (M2V +Q
2) the typical dipole size r is small,
and the t-dependence of the cross section is determined entirely by the proton transverse profile.
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the scattering amplitudes N (x, r, b) or N (x, r) can vary between zero and one, where N = 1 is
the unitarity limit.
To introduce the impact parameter dependence into the CGC model [37], we modify (37)
to obtain the “b-CGC” model:
dσqq¯
d2b
≡ 2N (x, r, b) = 2×

N0
(
rQs
2
)2(γs+ 1κλY ln 2rQs ) : rQs ≤ 2
1− e−A ln2(BrQs) : rQs > 2
, (52)
where now the parameter Qs depends on the impact parameter:
Qs ≡ Qs(x, b) =
(x0
x
)λ
2
[
exp
(
− b
2
2BCGC
)] 1
2γs
. (53)
Note that, in contrast to the parameter BG in the KT approach, a straightforward interpretation
ofBCGC in terms of the proton size is not possible due to the r and Y dependence of the exponent
2
(
γs +
1
κλY
ln 2
rQs
)
in (52).
Following KT [1] we define the saturation scale Q2S ≡ 2/r2S, where the saturation radius rS
is the dipole size where the scattering amplitude N has a value of 1− exp(−1/2) ≃ 0.4, that
is, rS is defined by solving
N (x, rS, b) = 1− e− 12 , (54)
with the same condition for the b-independent dipole models. For the GBW model (35), the
saturation scale Q2S = 2/r
2
S defined by (54) coincides with Q
2
s(x) ≡ (x0/x)λGBW GeV2. However,
for the CGC (37) and b-CGC (52) models, the saturation scale QS defined by (54) differs from
the parameter Qs. Note that we use upper-case S and lower-case s to distinguish between these
two scales. The saturation scale QS is the quantity we shall later compute and compare for the
different dipole models in Sect. 5.
2.3.3 Phenomenological corrections for exclusive processes
After performing the angular integrations, (11) reduces to
Aγ∗p→EpT,L = i
∫ ∞
0
dr (2πr)
∫ 1
0
dz
4π
∫ ∞
0
db (2πb) (Ψ∗EΨ)T,L J0(b∆) J0 ([1− z]r∆)
dσqq¯
d2b
, (55)
where J0 is the Bessel function of the first kind and E = V, γ denotes either the exclusive vector
meson or DVCS final state. The derivation of the expression for the exclusive vector meson
production or DVCS amplitude, (11), relies on the assumption that the S-matrix is purely real
and therefore the exclusive amplitude A is purely imaginary. The real part of the amplitude
can be accounted for by multiplying the differential cross section for vector meson production
or DVCS, (12), by a factor (1 + β2), where β is the ratio of real to imaginary parts of the
scattering amplitude A and is calculated using
β = tan(πλ/2), with λ ≡
∂ ln
(
Aγ∗p→EpT,L
)
∂ ln(1/x)
. (56)
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This procedure (or similar) is adopted in other descriptions of vector meson production to
account for the real part of the amplitude; see, for example, Refs. [4, 9, 19].
For vector meson production or DVCS, we should use the off-diagonal (or generalised) gluon
distribution, since the two gluons in the right-hand diagram of Fig. 2 carry different fractions
x and x′ of the proton’s (light-cone) momentum. In the leading ln(1/x) limit, the skewed effect
vanishes. However, the skewed effect can be accounted for, in the limit that x′ ≪ x ≪ 1, by
multiplying the gluon distribution xg(x, µ2) in (41) by a factor Rg, given by [49]
Rg(λ) =
22λ+3√
π
Γ(λ+ 5/2)
Γ(λ+ 4)
, with λ ≡ ∂ ln [xg(x, µ
2)]
∂ ln(1/x)
. (57)
This skewedness effect is also accounted for in the calculation of vector meson production
by Martin, Ryskin and Teubner (MRT) [19], but is neglected in most other dipole model
descriptions.
3 Description of HERA data with the “b-Sat” model
In this section we describe HERA data within the generalised impact parameter dipole satu-
ration (“b-Sat”) model in which the dipole cross section is given by (41) and the proton shape
function T (b) is assumed to be purely Gaussian (45). The total DIS cross section is given by (6)
and the photon overlap functions by (15) and (16). For exclusive processes, the differential cross
sections are given by (12) with the phenomenological improvements described in Sect. 2.3.3.
For vector mesons the overlaps of wave functions are given by (21) and (22), and for the DVCS
process by (17).
The light quark masses are taken to be mu,d,s = 0.14 GeV, the value of the pion mass,
which ensures the proper exponential cut-off of the photon wave functions (15) and (16) at
large distances. The value of the charm mass was chosen to be mc = 1.4 GeV, but other
choices for the charm and light quark masses are also discussed below. The free parameters of
the model are µ20, Ag and λg of the initial gluon distribution, xg(x, µ
2
0) = Ag x
−λg (1−x)5.6, and
the proton width BG. The aim of the model is to describe with these four parameters the total
DIS cross section for xB ≤ 0.01 and all total and differential cross sections for J/ψ, φ and ρ
meson production, as well as DVCS. The dipole cross section as determined in the b-Sat model
is shown at various impact parameters in Fig. 4.
3.1 Total γ∗p cross section
The parameters in the initial gluon distribution (43) are determined by fitting the ZEUS F2
data [22, 23] with xB ≤ 0.01 and Q2 ∈ [0.25, 650] GeV2. They are obtained in a quickly
converging iterative procedure in which the F2 data are fitted alternately with the t-distributions
of the vector meson data (see Sect. 3.3) which determine the parameter BG = 4 GeV
−2. As
well as our main fit with mu,d,s = 0.14 GeV and mc = 1.4 GeV, shown in the first line of Table
3, we also make alternative fits with different quark masses. As in Ref. [1], the best fit to F2 is
obtained with very low light quark masses, mu,d,s = 0.05 GeV. The quark mass of 0.14 GeV,
17
Figure 4: Dipole cross section at various impact parameters, as determined in the b-Sat model.
Model T (b) Q2/GeV2 mu,d,s/GeV mc/GeV µ
2
0/GeV
2 Ag λg χ
2/d.o.f.
b-Sat Gaussian [0.25,650] 0.14 1.4 1.17 2.55 0.020 193.0/160 = 1.21
b-Sat Gaussian [0.25,650] 0.14 1.35 1.20 2.51 0.024 190.2/160 = 1.19
b-Sat Gaussian [0.25,650] 0.14 1.5 1.11 2.64 0.011 198.1/160 = 1.24
b-Sat Gaussian [0.25,650] 0.05 1.4 0.77 3.61 −0.118 144.7/160 = 0.90
b-Sat Step [0.25,650] 0.14 1.4 1.50 2.20 0.071 199.6/160 = 1.25
Table 3: Parameters of the initial gluon distribution (43) determined from fits to F2 data [22,23].
All predictions using the b-Sat model in this paper are evaluated with the set of parameters
given in the first line unless explicitly stated otherwise.
18
Figure 5: Top: The total DIS cross section σγ
∗p
tot vs. W
2 for different Q2. The data points
plotted are from ZEUS [22, 23]. Bottom: The λtot parameter for inclusive DIS defined by
σγ
∗p
tot ∝ (1/x)λtot . The data points plotted are from ZEUS [22,23] and H1 [24].
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Figure 6: The gluon distribution xg(x, µ2) for different fixed µ2 (left) or fixed r (right).
which is more appropriate as a cut-off mass for vector meson bound states, gives a fit to F2 of
still acceptable quality; see Table 3. The last line of Table 3 shows also the fit results performed
with the step-like proton shape defined by (48) with the parameter bS = 4 GeV
−1, which we
discuss further in Sect. 5.
To compare with the fits obtained by global analysis using the NLO DGLAP formalism,
we evaluated the χ2 for a subset of the ZEUS F2 data [23] with xB ≤ 0.01 and Q2 ≥ 2 GeV2
comprising of 116 data points. The main b-Sat fit shown in the first line of Table 3 gave a χ2
of 114, while the most recent NLO DGLAP fit by the MRST group [50] gave a χ2 of 96 for the
116 data points.
In Fig. 5 we show the comparison of the main b-Sat fit results with measurements of the
total DIS cross section σγ
∗p
tot . In the same figure we also show the comparison for the rate of
rise of the total DIS cross section, λtot, defined by σ
γ∗p
tot ∝ (1/x)λtot. Both comparisons show a
very good agreement between data and the b-Sat model results.
Let us make some general remarks about the sensitivity of the fit to the assumed quark
masses and the proton shape. Table 3 shows that the variation of the charm quark mass
does not sizably change the fit parameters. On the other hand, the choice of the light quark
mass influences the value of the λg parameter and consequently the evolution of the gluon
density. In Fig. 6 we show the gluon distribution for different scales µ2 or dipole sizes r. The
correlation between the assumed value of the light quark mass and the λg and µ
2
0 parameters
was investigated in detail in Ref. [1]. Consequently, in the b-Sat model the description of the
change of the parameter λtot with Q
2 is mainly due to evolution effects and not to saturation
effects as in, for example, the GBW model [35, 36].
3.2 Vector meson total cross sections
We now compare our predictions for exclusive vector meson production with recent published
HERA data for J/ψ [25–27], φ [28] and ρ [29] meson production.7 The H1 J/ψ cross sec-
7The ZEUS γ∗p cross sections [25, 26, 28] are given as σ = σT + σL, while H1 [27, 29] give σ = σT + εσL,
where ε = (1− y)/(1− y + y2/2) and 〈ε〉 ≈ 0.99. We use the ZEUS definition in our calculations.
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Figure 7: Total vector meson cross section σ vs. (Q2 +M2V ) compared to predictions from the
b-Sat model using two different vector meson wave functions. The ZEUS J/ψ photoproduction
point is taken from Table 1 of Ref. [25], from the muon decay channel with W = 90–110 GeV.
tions [27] are measured in the range |t| < 1.2 GeV2 while ZEUS measure |t| < 1 GeV2 for
electroproduction [26] and |t| < 1.8 GeV2 (J/ψ → µ+µ−) or |t| < 1.25 GeV2 (J/ψ → e+e−)
for photoproduction [25]. The ZEUS φ data [28] have |t| < 0.6 GeV2, while the H1 ρ data [29]
have |t| < 0.5 GeV2.
In Fig. 7 we show the (Q2 + M2V ) dependence of the total cross section σ for all three
vector mesons at a fixed value of W . The inner error bars indicate the statistical uncertainties
only, while the outer error bars include the systematic uncertainties added in quadrature. The
predictions are given integrated over the appropriate t range. For the J/ψ data, the predictions
shown correspond to the H1 t range. The predictions of the model are in good agreement
with data for both vector meson wave functions. The model reproduces the Q2 dependence as
well as the absolute magnitude of the data. The prediction for the absolute normalisation is
determined mainly by the gluon density obtained from the fit to the total DIS cross section
(or F2) and the shapes of the “Gaus-LC” and “boosted Gaussian” wave functions, discussed
in Sect. 2.2. Although these two vector meson wave functions are quite different, they lead
to similar predictions using the constraints from the normalisation and vector meson decay
width conditions given in (24), (25), (26) and (27). Note that, unlike the MRT calculations [19]
compared to the H1 J/ψ data in [27], we do not require an additional normalisation factor
∼ 2 to achieve agreement with the data. Note also that the MRT calculations [19], based
on kt-factorisation using an unintegrated gluon distribution, take as input the gluon density
determined from the global analyses using collinear factorisation. There is no a priori reason
why the fitted parameters in the two gluon distributions determined in these two calculational
frameworks should be identical. The dipole approach is self-consistent in that the gluon density
is determined from the inclusive process and applied to exclusive processes within the same
calculational framework.
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Figure 8: Total vector meson cross section σ vs. W compared to predictions from the b-Sat
model using two different vector meson wave functions. The ZEUS J/ψ data points [25, 26]
have been scaled to the H1 Q2 values [27] using the Q2 dependence measured by ZEUS of the
form σ ∝ (Q2 +M2V )−2.44 [26].
In Fig. 8 we show the W dependence of the total cross section σ for fixed values of Q2.
Here, the “boosted Gaussian” vector meson wave function gives a slightly better description
of the data. In Fig. 9 we show the effect of changing the charm quark mass from the default
value of 1.4 GeV to 1.35 GeV or 1.5 GeV. We also show the effect of changing the light quark
masses from 0.14 GeV to 0.05 GeV. In each case, we refit the F2 data to determine the gluon
distribution with parameters given in Table 3. The absolute magnitude of the J/ψ cross sections
is strongly dependent on the choice of the charm quark mass, particularly at small Q2 values.
The cross sections for the φ and ρ vector mesons are only weakly dependent on the choice of
the light quark masses. This is because, in the Q2 range considered in this paper, the scale for
light vector meson production, given by ǫ2 = z(1 − z)Q2 +m2f , is predominantly given by Q2
whereas for J/ψ mesons the scale ǫ2 is dominated by the square of the charm quark mass. Note
also that for all vector mesons the sensitivity of the cross section to the quark mass decreases
with increasing Q2.
We then perform a fit to the theory predictions shown in Fig. 8 of the form σ ∝ W δ and
compare the values of δ obtained to the experimental values; see Fig. 10. For ρ production,
we instead show αP(0) calculated from δ = 4[αP(〈t〉) − 1], where αP(〈t〉) = αP(0) + α′P〈t〉,
〈t〉 = −1/BD, BD is the theoretical prediction (see Fig. 14), and α′P = 0.25 GeV−2. We observe
again a reasonable agreement of the model results with data.
A variable which is more sensitive to the details of the wave function is the ratio of the
longitudinal to the transverse cross sections, R ≡ σL/σT , shown in Fig. 11. This is due to
the fact that the ratio σL/σT probes the behaviour of the transversely polarised vector meson
wave function close to the end-points (z → 0, 1). At large values of Q2, the contributions
from the intermediate values of z ≃ 1/2 follow the simple, perturbative scaling that leads to
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Figure 11: The ratio R ≡ σL/σT vs. Q2 compared to predictions from the b-Sat model using
two different vector meson wave functions.
σL/σT ∼ Q2. This simple scaling is affected by the Q2 evolution of the anomalous dimension of
the gluon distribution [15, 19], and by the contributions from the end-points to the transverse
cross section, which are different for the “Gaus-LC” and “boosted Gaussian” vector meson
wave functions. Fig. 11 shows that the “boosted Gaussian” wave function is favoured by the
ρ meson data, where the “Gaus-LC” wave function leads to a value of σL/σT which rises too
rapidly with increasing Q2. For J/ψ and φ mesons, both vector meson wave functions lead to a
similar behaviour. In Fig. 12 we show the effect of changing the quark masses when using the
“boosted Gaussian” wave function. For ρ mesons, the ratio σL/σT shows a strong dependence
on the quark mass. A more precise analysis, which goes beyond the scope of this paper, shows
that the ratio σL/σT is very sensitive to the behaviour of the wave functions at the end-points
(z → 0, 1).
3.3 Vector meson t-distributions
The observed t-distributions of the vector meson processes are an important source of infor-
mation on the shape of the proton in the low-x region. Fig. 13 shows the HERA data on
t-distributions for J/ψ [25–27] and φ [28] meson production. Fig. 14 shows the effective slope
of the t-distribution, the parameter BD, for J/ψ, φ and ρ [29] vector mesons as a function of
(Q2 + M2V ). The parameter BD describes the area size of the interaction region and is ob-
tained by making a fit to the observed (or computed in the model) t-distributions of the form
dσ/dt ∝ exp(−BD|t|). The theory predictions for BD are all obtained by making fits to dσ/dt
in the range |t| < 0.5 GeV2. Figs. 13 and 14 show that the t dependence and the (Q2 +M2V )
dependence of BD are well described by the dipole model predictions for all three vector mesons
whether using either the “Gaus-LC” or the “boosted Gaussian” vector meson wave functions.
We note that this good description is obtained with only one value of the width of the proton
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wave functions.
shape, BG.
The proton shape, in the b-Sat model, is assumed to be purely Gaussian (45). The width
of the Gaussian, BG, determined by optimising the agreement between the model predictions
and data for the t-distributions of the vector mesons and their effective slopes BD, is found
to be BG = 4 GeV
−2. This value is mainly determined by the t-distributions of J/ψ mesons
measured by ZEUS [25, 26] and H1 [27]. We note, however, that although the values of the
BD parameters measured by the two experiments are in agreement within errors, the spread of
their values is somewhat large; see the first plot of Fig. 14. We estimate the error on the value
of the parameter BG as being around 0.5 GeV
−2.
The value of BG = 4 GeV
−2 found in this investigation is slightly smaller than in the KT [1]
investigation where BG = 4.25 GeV
−2 was determined using only the ZEUS J/ψ photoproduc-
tion data [25]. Fig. 14 shows that the subsequent ZEUS measurements of J/ψ electroproduc-
tion [26] exhibit higher values of BD and therefore require a higher value of BG. Note that
the effect of taking the size of the vector meson into account, that is, including the BGBP [40]
factor in (12) arising from the non-forward wave functions, exp [i(1− z)r ·∆], lowers the cross
section for non-zero t and therefore lowers the required value of BG; recall that this factor was
neglected by KT [1].
Note also that the obtained values of BD at the same (Q
2 +M2V ) are larger for light vector
mesons than for J/ψ, in accordance with the data. This occurs because the scales Q2 and m2f
enter the photon wave function in slightly different ways. We shall illustrate this by comparing
J/ψ photoproduction with light vector meson electroproduction at the same value of (Q2+M2V ),
implying Q2 ≃ 4m2c . The characteristic size of the scattering dipole is set by 1/ǫ with ǫ2 =
z(1 − z)Q2 + m2f . For the photoproduction of J/ψ, ǫ has no z dependence, ǫ2 = m2c . In
contrast, for light vector mesons ǫ2 varies with z from Q2/4 at z = 1/2 down to m2u,d,s at z → 0
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Figure 15: The t-slope parameter BD vs. (Q
2 + M2V ) compared to predictions from the b-
Sat model using the “boosted Gaussian” vector meson wave function. We show the effect of
switching off the eikonalisation in the dipole cross section (41), and omitting the BGBP [40]
factor, exp [i(1− z)r ·∆], in (12).
and z → 1, so that the effective value of ǫ2 is significantly lower than Q2/4 + m2u,d,s ≃ m2c .
Therefore, for light vector meson production at Q2 ≃ 4m2c , the typical dipole size is larger
than for photoproduction of J/ψ. This is particularly pronounced at the end-points z → 0
and z → 1 for the transversely polarised light vector mesons. At sufficiently large values of
Q2, however, the longitudinally polarised mesons dominate and the typical dipole size becomes
small enough to have a negligible contribution to BD for both light and heavy mesons. Hence,
at large (Q2 +M2V ), BD tends to a universal value determined by the proton shape alone.
It is important to realise that the dependence of BD on (Q
2+M2V ) observed for light vector
mesons originates from the enlargement of the interaction area due to the dipole transverse
extension. Recall that this effect is taken into account by the BGBP [40] prescription of the
QCD dipole scattering at t 6= 0. It also partly arises from the saturation effects which play a
stronger role for the larger typical dipole sizes at small (Q2+M2V ). We investigate the interplay
between these two mechanisms on the value of BD in Fig. 15. We show the effect of switching off
the eikonalisation, that is, replacing the dipole cross section (39) by the opacity Ω (40). We also
show the effect of omitting the BGBP [40] factor, exp [i(1− z)r ·∆], in (12). Without these
two effects, which diminish with increasing (Q2 +M2V ), the t-slope BD tends to the universal
value of BD = BG = 4 GeV
−2. Without the BGBP factor, the eikonalisation has a significant
effect for φ and ρ mesons, but it is not enough to describe the BD data points. With the BGBP
factor, the eikonalisation has only a small effect and the rise of BD with decreasing (Q
2+M2V )
nicely reproduces the rise observed in the data.
We also investigated, for completeness, the W dependence of the t-distributions. In Fig. 16
we show theW dependence of dσ/dt for fixed values of |t| and Q2. For each value of t, we make
a fit of the form dσ/dt ∝ W 4[αP(t)−1] and then plot αP(t) against |t|; see Fig. 17. We also fit the
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Figure 16: Differential vector meson cross section dσ/dt vs. W compared to predictions from
the b-Sat model using two different vector meson wave functions.
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same data to the form dσ/dt ∝ exp(−BD|t|) for each value of W , then we plot BD against W ;
see Fig. 18.
3.4 Deeply virtual Compton scattering
We now compare to the recently published DVCS data from H1 [30] and ZEUS [31]. We use
the b-Sat model with a Gaussian T (b) and BG = 4 GeV
−2, and quark masses mu,d,s = 0.14
GeV and mc = 1.4 GeV. In Fig. 19 (left) we show the Q
2 dependence of the cross section
integrated over |t| up to 1 GeV2 for W = 82 GeV compared to the H1 data [30]. We also show
the ZEUS data [31] at W = 89 GeV rescaled to W = 82 GeV using σ ∝ W δ, with δ = 0.75 [31].
In Fig. 19 (right) we show the W dependence of the cross section integrated over |t| up to 1
GeV2 for Q2 = 8 GeV2 compared to the H1 data [30]. We also show the ZEUS data [31] at
Q2 = 9.6 GeV2 rescaled to Q2 = 8 GeV2 using σ ∝ Q−2n, with n = 1.54 [31]. Fitting the theory
predictions to the form σ ∝ W δ gives δ = 0.80 to be compared with the experimental value of
0.77± 0.23± 0.19 [30]. We see from Fig. 19 that the Q2 and W dependence of the DVCS data,
as well as the absolute normalisation, are well described by the b-Sat model.
The t-distribution is shown in Fig. 20 for Q2 = 8 GeV2 and W = 82 GeV compared to the
H1 data [30]. At small t the data are well-described, while at larger t the prediction slightly
overestimates the data, due to a t-slope which is too small. Fitting the theory prediction to
the form dσ/dt ∝ exp(−BD|t|) for |t| < 0.5 GeV2 gives BD = 5.29 GeV−2, to be compared
with the experimental value of 6.02 ± 0.35 ± 0.39 GeV−2 [30]. When comparing these values
one should bear in mind that the value of the parameter BG = 4 GeV
−2 determined from the
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Model Q2/GeV2 mu,d,s/GeV mc/GeV N0 x0/10−4 λ χ2/d.o.f.
b-CGC [0.25,45] 0.14 1.4 0.417 5.95 0.159 211.2/130 = 1.62
Table 4: Parameters of the b-CGC model, (52) and (53), determined from a fit to F2 data
[22, 23].
t-distributions of the vector meson data has a possible uncertainty which could be as large as
0.5 GeV−2.
Summarising, we can see that the agreement of the predictions from the b-Sat model with
DVCS data is remarkably good, especially if we note that the DVCS data were not used in
fixing any parameters of the model.
4 Impact parameter dependent CGC model
We have seen that almost all features of the exclusive diffractive HERA processes are well
described by the impact parameter dependent saturation (“b-Sat”) model with a Gaussian
T (b) of width BG = 4 GeV
−2. The b-Sat model assumes the validity of DGLAP evolution
which may not be appropriate when x approaches the saturation region. Therefore, we also
investigated the impact parameter dependent CGC (“b-CGC”) model, in which the dipole cross
section is given by (52) and (53). In the b-CGC model the evolution effects are included via
an approximate solution to the Balitsky–Kovchegov equation [43–45].
Similar to the b-Sat model, the parameter BCGC = 5.5 GeV
−2 in (53) is determined by
requiring a good description of the t-slopes of vector meson data, while the three parameters
N0, λ and x0 in (52) and (53) are determined by fitting the F2 data [22, 23] with xB ≤ 0.01
and Q2 ∈ [0.25, 45] GeV2. The results of the fit are shown in Table 4. The fit to the F2 data
with the b-CGC model gives a sizably worse description than the b-Sat model as seen from the
value of the χ2/d.o.f. in Table 4 and the comparison with data of the parameter λtot shown
in the bottom plot of Fig. 5. The significant deterioration of the fit quality is due to the fact
that in the impact parameter dependent description, saturation effects can only be sizable in
the core of the proton, see the discussion in Sect. 5. The relatively poor quality of the fit
is the main reason why we prefer to use a DGLAP-evolved gluon density together with the
Glauber–Mueller dipole cross section, that is, the b-Sat model.
Although almost all features of the vector meson and DVCS data are well described by the
b-Sat model, there is one exception, namely α′
P
. It is predicted to be close to zero, due to
the assumed factorisation of T (b) from the gluon distribution xg(x, µ2), in some disagreement
with the data; see Figs. 17 and 18. In the b-CGC model the W (or x) dependence is not
factorised from the b dependence. Therefore, an appreciable α′
P
is achievable, as shown in
Fig. 21. Here, we use the “boosted Gaussian” vector meson wave function in both cases. In fact,
for photoproduction, a fit to the model predictions of the form BD = B0+4α
′
P
ln[W/(90 GeV)]
gives α′
P
= 0.075 for the b-CGC model compared to α′
P
= 0.004 for the b-Sat model. However,
the value of α′
P
from the b-CGC model is still slightly low when compared to the values of
0.116± 0.026±0.0100.025 [25] or α′P = 0.164± 0.028± 0.030 [27] measured by experiment. We note
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that, with the exception of α′
P
, the b-CGC model gives a considerably worse overall description
of exclusive processes than the b-Sat model.
5 Saturation and related topics
A frequently asked question, whether or not the HERA data require saturation, is answered in
the saturation models like GBW [35,36] or CGC [37] with a clear yes. In the impact parameter
dependent models, such as the models discussed in this paper, the answer is more involved. In
this section, we will therefore discuss the saturation effects in some detail.
In the GBW model the effects of saturation are clearly seen, for example, in the change of
rate of rise, λtot, of the total DIS cross section with Q
2, see Fig. 5 (bottom). In this model
the value of the observed parameter λtot is related to the value of the constant λGBW ≈ 0.3
modulated by the saturation effects. Since the variation of λtot with Q
2 is substantial, saturation
has to be an important effect. Note that, in the GBW model, saturation is the only mechanism
which can modulate the parameter λtot.
The saturation effects are best quantified by the value of the saturation scale Q2S ≡ 2/r2S,
where the saturation radius rS is defined as the solution of (54). In Fig. 22 we show the
saturation scale for the impact parameter dependent (left) and independent (right) models.
Fig. 22 (right) shows that the saturation scale in the GBW model is significantly higher than
in the CGC model. (The GBW and CGC fits shown here are described in more detail in
Sect. 5.2.) This is understandable since in the CGC model the variation of the λtot parameter
is partly due to evolution in addition to the saturation effects. However, even in the CGC
model the saturation effects are fairly strong, as discussed by Iancu, Itakura and Munier [37]
and by Forshaw and Shaw [38]. Fig. 22 (left) shows that in the b-Sat and b-CGC models the
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Figure 23: The b-dependence of the total cross section, σγ
∗p
tot , for Q
2 = 0.4, 4 and 40 GeV2 with
x = 10−4, 10−3 and 10−2 respectively, using a Gaussian T (b) of width BG = 4 GeV
−2.
saturation scale is strongly dependent on the impact parameter b. In the centre of the proton
(b ≈ 0), the b-Sat and b-CGC models have a similar saturation scale, comparable to the value
in the GBW model. As b increases the value of the saturation scale drops quickly in both
models. This is again understandable since, in the b-Sat model with a Gaussian proton shape,
at larger values of b the gluon density is diluted by the factor T (b) and so the smaller gluon
density leads to smaller saturation scales. In this model, the variation of λtot with Q
2 is mostly
due to evolution effects, since the gluon density at the initial scale µ20 is characterised by a low
value of the parameter λg ≈ 0. The observed large values of λtot can only be generated by
evolution, as discussed in detail by KT [1].
In Fig. 23 we show the b-dependence of the total cross section to give a feeling for the relative
contributions from the different impact parameters. The median value of this distribution is
around b = 2.6 GeV−1, that is, the majority of the cross section is determined by the dilute
gluon region, where the saturation scale is small.
To summarise, in the impact parameter dependent dipole models, evolution plays a greater
role than saturation on average. However, in the centre of the proton (b ≈ 0), the saturation
effects are large in both the b-Sat and b-CGC models. In the centre of the proton the saturation
scale is comparable to the saturation scale found in the original GBW model.
The GBW model is theoretically very attractive since all observables in this model are a
function of only one variable, r2Q2s(x), where Q
2
s(x) = (x0/x)
λGBW . This leads to so-called
geometric scaling in which σγ
∗p is only a function of τ = Q2/Q2s(x), which is confirmed to
some accuracy by data [51].8 A similar scaling has recently been observed for (t-integrated)
8Note, however, that the inclusion of the charm quark contribution violates geometric scaling to a certain
extent.
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diffractive DIS data [52]. The notion of geometric scaling is essential for development of the
theoretical approach to saturation. Indeed, geometric scaling seems to be a universal feature
of a wide class of evolution equations with saturation effects, irrespective of the form of the
non-linear term [53–55]. In the b-Sat model, approximate geometric scaling is also present, as it
is imposed by the fit to the data. This scaling, however, is not an intrinsic feature of the b-Sat
model because of the greater importance of DGLAP evolution compared to saturation effects,
and also because of the additional scale introduced by the impact parameter dependence.
The theoretical understanding of saturation phenomena follows from evolution equations
obtained within perturbative QCD. It is therefore interesting to ask the question whether the
saturation effects determined in the models from fits to HERA data belong in the perturbative
or non-perturbative domain. As shown in Fig. 22, the saturation scale determined in the
proton centre in the b-Sat model is around 0.5 GeV2 at x ≈ 10−3. This number lies in-
between the value of Λ2QCD = 0.04 GeV
2, being clearly non-perturbative, and the value of
around 1 GeV2, considered to be perturbative. Therefore it is not obvious to what extent
the saturation dynamics are driven by the perturbative effects. The models discussed here
are, however, by construction perturbative; the renormalisation and factorisation scale µ2 =
4/r2 + µ20, used to evaluate the strong coupling and the gluon density, is bounded from below
by µ20 ≃ 1 GeV2 and is around 2 GeV2 if Q2S ≡ 2/r2S ≃ 0.5 GeV2. Moreover, in the centre of
the proton, the value of the saturation exponent
λS ≡ ∂ ln(Q
2
S)
∂ ln(1/x)
(58)
varies between λS = 0.19 at x = 10
−2 and λS = 0.27 at x = 10
−4, as shown in Fig. 24.
Therefore, the values of this exponent are greater than the value of λS ≃ 0.08 expected for a
‘soft’ process, and are close to the expectations from theoretical studies of perturbative non-
linear evolution equations; see, for example, Refs. [56–58]. This indicates that the saturation
phenomena studied in the b-Sat model is outside of the non-perturbative region.
5.1 Step T (b)
We also performed an alternative fit to F2 data using the b-Sat model with the step function
T (b) given by (48), with the parameter bS = 4 GeV
−1; see the last line of Table 3. Recall that
this form of T (b) is implicitly used in all b-independent parameterisations of the dipole cross
section. The fit was of similar quality and gave a slightly larger gluon distribution compared to
the corresponding fit with a Gaussian T (b), see Fig. 6, indicating a slight shift in the balance
between evolution and saturation effects. Note from (49) that a step T (b) with bS = 4 GeV
−1
corresponds to 〈b2〉 = 8 GeV−2, the same value as for the Gaussian T (b) with BG = 4 GeV−2
from (46).
For small |t|, the results with a step T (b) are close to those with a Gaussian T (b), and so
the total cross sections for exclusive processes are also similar. However, for larger values of
|t|, the step T (b) gives a dip in the t-distributions, which is not observed in the data, as seen
in Fig. 25 for J/ψ production. Here, we have used the “boosted Gaussian” vector meson wave
functions in both cases. The reason for the dip at large |t| can be explained by noticing that
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Figure 24: The saturation exponent λS as a function of x and impact parameter b.
Model Q2/GeV2 mu,d,s/GeV mc/GeV σ0/mb x0/10
−4 λ χ2/d.o.f.
GBW [0.25,45] 0.14 — 20.1 5.16 0.289 216.5/130 = 1.67
GBW [0.25,45] 0.14 1.4 23.9 1.11 0.287 204.9/130 = 1.58
GBW [0.25,650] 0.14 1.4 22.5 1.69 0.317 414.4/160 = 2.59
CGC [0.25,45] 0.14 — 25.8 0.263 0.252 117.2/130 = 0.90
CGC [0.25,45] 0.14 1.4 35.7 0.00270 0.177 116.8/130 = 0.90
CGC [0.25,650] 0.14 1.4 34.5 0.00485 0.188 173.7/160 = 1.09
Table 5: Parameters of the GBW (35) and CGC (37) models determined from fits to F2
data [22, 23].
the two-dimensional Fourier transform of the step function (48) gives the Bessel function of the
first kind, 2J1(bS∆)/(bS∆), which oscillates through zero, whereas the two-dimensional Fourier
transform of a Gaussian is simply another Gaussian. Although there is some uncertainty in the
measured cross section at large |t| due to the treatment of proton dissociation, the uncertainty
is not expected to account for the large discrepancy between the predictions with the step T (b)
and the data, and so the step T (b) must be ruled out as a model for the proton shape.
5.2 The GBW and CGC models without impact parameter depen-
dence
For completeness we give here the results of the fits using the impact parameter independent
GBW (35) and CGC (37) dipole models. We first make fits to ZEUS F2 data [22, 23] with
38
)2|t|  (GeV
0 0.2 0.4 0.6 0.8 1 1.2
)2
/d
t  
(n
b/G
eV
σd
10
-1
1
10
10
2
10
3  pψ J/→*p γ
40 < W < 160 GeV
Gaussian T(b)
Step T(b)
H1
2
 =  0.05 GeV2Q
2
 =  3.20 GeV2Q
2
 =  7.00 GeV2Q
2
 = 22.40 GeV2Q
Figure 25: Differential J/ψ meson cross section dσ/dt vs. |t| compared to predictions from the
b-Sat model using the “boosted Gaussian” vector meson wave function with either a Gaussian
or a step T (b).
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Figure 26: The saturation scale Q2S ≡ 2/r2S, where rS is defined as the solution of (54), found
in the GBW and CGC models with and without charm quarks. The presence of charm quarks
dramatically lowers the saturation scale, especially for the CGC model.
x ≤ 0.01 and Q2 ∈ [0.25, 45] GeV2 using the CGC model (37) with N0 = 0.7 (fixed), first
without any charm quark contribution as in the original paper [37], then including the charm
contribution. We also show the effect of including the data with higher Q2 > 45 GeV2. For
comparison, we perform similar fits using the original GBW model (35). We take x = xB for
light quarks and x = xB(1 + 4m
2
c/Q
2) for charm quarks. The light quark masses are taken to
be mu,d,s = 0.14 GeV, with the charm quark mass mc = 1.4 GeV. The results of these fits are
shown in Table 5.
We note that the description of the data by the CGC model is sizably better than by
the GBW model. This is presumably due to the lack of evolution effects in the GBW model
and can be seen from the fact that the worsening of the χ2 value when the data points with
Q2 > 45 GeV2 are included is more prominent for the GBW model than the CGC model; see
the right-hand column of Table 5.
Notice also that the saturation scale in the CGC fit is dramatically lowered with the intro-
duction of charm quarks, as shown in Fig. 26. The fact that saturation effects are very sensitive
to the presence of the charm contribution was first noticed in the original GBW paper [35] and
also in the KT [1] impact parameter dependent analysis. In particular, Thorne [59] has em-
phasised the importance of the charm contribution, which has been omitted in some analyses
of the saturation scale at HERA.
In Fig. 27 we show the dipole cross section σqq¯(x, r) at fixed x = 10
−4, integrated over the
impact parameter b, obtained in the fits using the b-Sat, b-CGC, GBW and CGC models with
mu,d,s = 0.14 GeV and mc = 1.4 GeV. At smaller values of r the b-Sat model has a slightly
larger dipole cross section than the other models due to the presence of DGLAP evolution. At
larger r the GBW and CGC models tend to a constant value of σ0, while the b-Sat and b-CGC
models continue to increase with increasing r; see also the discussion in Ref. [1]. However, as
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Figure 27: The dipole cross section σqq¯(x, r) at fixed x = 10
−4, integrated over the impact
parameter b, obtained in the b-Sat, b-CGC, GBW and CGC models.
discussed in Sect. 2.1.1, the contribution to the total cross section from large dipole sizes is
generally suppressed by the photon wave functions, as is clearly seen in Fig. 28.
6 Summary and outlook
We have presented an analysis of exclusive diffractive vector meson and DVCS data measured
at HERA within an impact parameter dependent saturated dipole (“b-Sat”) model. Various
cross sections measured as a function of Q2, W and t can be described by a model with a
minimal number of free parameters, namely the parameters µ20, Ag and λg of the initial gluon
distribution, xg(x, µ20) = Ag x
−λg (1 − x)5.6, and the proton width BG. The wave functions of
the virtual photon are known from QED, while the vector meson wave functions are assumed
to have a Gaussian shape. The variable which fluctuates in the Gaussian is, of course, not
known precisely. However, we have shown that the observed distributions are fairly insensitive
to the particular assumptions, with possible exception of the σL/σT ratio for the ρ meson. A
more precise measurement of this distribution and of the spin density matrix elements would
allow better constraints to be made on the form of the vector meson wave functions.
An important finding of this investigation is that, although the vector meson wave functions
are not fully known, one obtains a good description of the measured data. The model param-
eters, which were fixed by the fit to the total inclusive DIS cross section and the vector meson
t-distributions, describe the measured Q2 and W dependence of vector meson production and
DVCS very well, together with the absolute normalisation. The measured DVCS t-distribution
agrees with the model expectation within the measurement error. We expect that the high
luminosity achieved by HERA will allow the t-distributions of vector mesons and DVCS to be
measured more precisely. They provide important information about the proton size and the
transverse dynamics of the evolution process.
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Figure 28: The distribution of dipole sizes r contributing to the total inclusive DIS cross section
in the b-Sat model for various virtualities, Q2, of the photon. The median values are indicated
by vertical arrows.
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The b-Sat model, which gives the best description of data, uses the Glauber–Mueller dipole
cross section (41) with DGLAP evolution of the gluon density. Although the overall description
of exclusive processes is very good, this approach has some limitations, seen most clearly in the
lack ofW dependence of BD in J/ψ photoproduction, Fig. 18. Although this is a delicate effect,
the measurement precision is sufficient to show that there is a coupling between the transverse
and longitudinal evolution variables, that is, α′
P
6= 0. We therefore introduced impact parameter
dependence into the CGC model, the “b-CGC” model, which leads to a considerably poorer
fit to F2 than the b-Sat model and a worse overall description of exclusive processes, but a
better description of the α′
P
parameter. The saturation scale Q2S evaluated in this investigation
does not depend sizably on the adopted evolution scheme and is consistent with the results of
Ref. [1].
An important finding of this investigation is that the t-dependences of all three vector
mesons and the DVCS process can be simultaneously described with one universal shape of the
proton. The parameter characterising the size of the proton, BG = 4 GeV
−2, determined in
this investigation, corresponds to a root-mean-square impact parameter
√〈b2〉, given by (46),
of 0.56 fm. This is rather smaller than the proton charge radius of 0.870± 0.008 fm [60].9 This
leads to a rather surprising result that gluons are more concentrated in the centre of the proton
than quarks. DVCS measurements planned at JLab should help clarify this somewhat puzzling
picture (see, for example, [61]).
The investigation presented here demonstrates that a wide class of high-energy scattering
processes measured at HERA may be understood within a simple and unified framework. The
key ingredient is the gluon density which is probed in the longitudinal and transverse directions.
The success of the description indicates the universality of the emerging gluon distribution.
Let us finish with a general remark that vector meson and DVCS processes may be used to
probe the properties of nuclear matter in a new way. In measurements with polarised beams
it is possible to achieve precision which would allow a holographic picture of protons and
nuclei to be obtained [62–64]. Such a measurement could be performed at an ep collider with
roughly a third of the HERA centre-of-mass energy, similar to the one described in the eRHIC
proposal [65, 66].
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A Connection to the KT paper
In the preceding analysis [1] of J/ψ photoproduction in the impact parameter dependent dipole
saturation model, Kowalski and Teaney (KT) used a somewhat different convention to define
9The proton charge radius was first measured by Hofstadter [48] to be 0.74± 0.24 fm.
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the wave functions and to calculate the decay constants and the overlaps.
KT [1] defined the overlap functions between the vector meson and the photon wave func-
tions in the following way:
(Ψ∗VΨ)T = eˆfe
√
2Nc
2πmf
{
m2fK0(ǫr)φ¯T (r, z)−
[
z2 + (1− z)2] ǫK1(ǫr)∂rφ¯T (r, z)} , (59)
(Ψ∗VΨ)L = eˆfe
√
2Nc
2π
2QK0(ǫr)z(1− z)φ¯L(r, z), (60)
where the scalar “Gaus-LC” wave functions φ¯T,L(r, z) were defined as the Fourier transforms
of factorised wave functions given in the momentum space by
φ˜T,L(k, z) = N¯T,Lz(1− z) exp(−k2R2T,L/2), (61)
leading to
φ¯T,L(r, z) =
∫
d2k
(2π)2
exp (ik · r) φ˜T,L(k, z)
= N¯T,Lz(1− z)
∫
d2k
(2π)2
exp (ik · r) exp(−k2R2T,L/2)
=
N¯T,L
2πR2T,L
z(1− z) exp
(
− r
2
2R2T,L
)
. (62)
In that representation the normalisation conditions were given by
1 =
∫
d2k
(2π)2
∫ 1
0
dz
4π
{[
z2 + (1− z)2] k2
m2f
+ 1
}∣∣∣φ˜T (k, z)∣∣∣2 , (63)
1 =
∫
d2k
(2π)2
∫ 1
0
dz
4π
∣∣∣φ˜L(k, z)∣∣∣2 , (64)
and the decay constants read,
fV,T = eˆf
√
2Nc
mf
MV
∫
d2k
(2π)2
∫ 1
0
dz
4πz(1− z)
{[
z2 + (1− z)2] k2
m2f
+ 1
}
φ˜T (k, z), (65)
fV,L = eˆf
√
2Nc2
∫
d2k
(2π)2
∫ 1
0
dz
4π
φ˜L(k, z). (66)
It is straightforward to observe that the KT formulae (59,60), (63,64) and (65,66) may be
obtained from the formulae of the present paper (21,22), (24,25) and (26,27) if δ = 0 and the
previously used wave functions φ¯T and φ¯L are expressed in terms of the wave functions φT
and φL written in the conventions of this paper:
φ¯T (r, z) =
√
2Nc
z(1− z) mf φT (r, z), (67)
φ¯L(r, z) =
√
2NcMV φL(r, z). (68)
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Meson MV /GeV fV mf/GeV N¯T/GeV
−1 R2T /GeV
−2 N¯L/GeV
−1 R2L/GeV
−2
J/ψ 3.097 0.274 1.4 171 6.5 119 3.0
φ 1.019 0.076 0.14 164 16.0 214 9.7
ρ 0.776 0.156 0.14 211 21.9 222 10.4
Table 6: Parameters of the “Gaus-LC” vector meson wave functions. These are identical to
those in Table 1, but using N¯T,L instead of NT,L; see (69) and (70).
Note the modification of the z-dependent part of φT (r, z). Of course, the radius parameters
RT,L are the same in both conventions. The normalisation factors are, however, transformed
according to
N¯T =
√
2Ncmf 2πR
2
T NT , (69)
N¯L =
√
2NcMV 2πR
2
L NL. (70)
The parameters of the “Gaus-LC” wave functions in its initial formulation are given in Table 6.
References
[1] H. Kowalski and D. Teaney, Phys. Rev. D 68 (2003) 114005.
[2] J. Nemchik, N. N. Nikolaev and B. G. Zakharov, Phys. Lett. B 341 (1994) 228.
[3] E. Gotsman, E. Levin and U. Maor, Nucl. Phys. B 464 (1996) 251.
[4] J. Nemchik, N. N. Nikolaev, E. Predazzi and B. G. Zakharov, Z. Phys. C 75 (1997) 71.
[5] H. G. Dosch, T. Gousset, G. Kulzinger and H. J. Pirner, Phys. Rev. D 55 (1997) 2602.
[6] M. McDermott, L. Frankfurt, V. Guzey and M. Strikman, Eur. Phys. J. C 16 (2000) 641.
[7] S. Munier, A. M. Stas´to and A. H. Mueller, Nucl. Phys. B 603 (2001) 427.
[8] A. C. Caldwell and M. S. Soares, Nucl. Phys. A 696, 125 (2001).
[9] J. R. Forshaw, R. Sandapen and G. Shaw, Phys. Rev. D 69 (2004) 094013.
[10] L. Frankfurt, M. Strikman and C. Weiss, Ann. Rev. Nucl. Part. Sci. 55 (2005) 403.
[11] J. R. Forshaw, R. Sandapen and G. Shaw, arXiv:hep-ph/0608161.
[12] M. G. Ryskin, Z. Phys. C 57 (1993) 89.
[13] S. J. Brodsky, L. Frankfurt, J. F. Gunion, A. H. Mueller and M. Strikman, Phys. Rev. D
50 (1994) 3134.
[14] L. Frankfurt, W. Koepf and M. Strikman, Phys. Rev. D 54 (1996) 3194.
45
[15] A. D. Martin, M. G. Ryskin and T. Teubner, Phys. Rev. D 55 (1997) 4329.
[16] J. C. Collins, L. Frankfurt and M. Strikman, Phys. Rev. D 56 (1997) 2982.
[17] L. Frankfurt, W. Koepf and M. Strikman, Phys. Rev. D 57 (1998) 512.
[18] L. L. Frankfurt, A. Freund and M. Strikman, Phys. Rev. D 58 (1998) 114001 [Erratum-
ibid. D 59 (1999) 119901].
[19] A. D. Martin, M. G. Ryskin and T. Teubner, Phys. Rev. D 62 (2000) 014022.
[20] E. Gotsman, E. Ferreira, E. Levin, U. Maor and E. Naftali, Phys. Lett. B 503 (2001) 277.
[21] E. Gotsman, E. Levin, M. Lublinsky, U. Maor and E. Naftali, arXiv:hep-ph/0302010.
[22] J. Breitweg et al. [ZEUS Collaboration], Phys. Lett. B 487 (2000) 53.
[23] S. Chekanov et al. [ZEUS Collaboration], Eur. Phys. J. C 21 (2001) 443.
[24] C. Adloff et al. [H1 Collaboration], Eur. Phys. J. C 21 (2001) 33.
[25] S. Chekanov et al. [ZEUS Collaboration], Eur. Phys. J. C 24 (2002) 345.
[26] S. Chekanov et al. [ZEUS Collaboration], Nucl. Phys. B 695 (2004) 3.
[27] A. Aktas et al. [H1 Collaboration], arXiv:hep-ex/0510016.
[28] S. Chekanov et al. [ZEUS Collaboration], Nucl. Phys. B 718 (2005) 3.
[29] C. Adloff et al. [H1 Collaboration], Eur. Phys. J. C 13 (2000) 371.
[30] A. Aktas et al. [H1 Collaboration], Eur. Phys. J. C 44 (2005) 1.
[31] S. Chekanov et al. [ZEUS Collaboration], Phys. Lett. B 573 (2003) 46.
[32] J. Bartels, K. Golec-Biernat and H. Kowalski, Phys. Rev. D 66 (2002) 014001.
[33] A. I. Shoshi, F. D. Steffen and H. J. Pirner, Nucl. Phys. A 709 (2002) 131.
[34] A. I. Shoshi, F. D. Steffen, H. G. Dosch and H. J. Pirner, Phys. Rev. D 66 (2002) 094019.
[35] K. Golec-Biernat and M. Wu¨sthoff, Phys. Rev. D 59 (1999) 014017.
[36] K. Golec-Biernat and M. Wu¨sthoff, Phys. Rev. D 60 (1999) 114023.
[37] E. Iancu, K. Itakura and S. Munier, Phys. Lett. B 590 (2004) 199.
[38] J. R. Forshaw and G. Shaw, JHEP 0412 (2004) 052.
[39] H. Kowalski, a contribution to S. Alekhin et al., “HERA and the LHC — A workshop on
the implications of HERA for LHC physics”, arXiv:hep-ph/0601013.
46
[40] J. Bartels, K. Golec-Biernat and K. Peters, Acta Phys. Polon. B 34 (2003) 3051.
[41] G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22 (1980) 2157.
[42] S. J. Brodsky, T. Huang and G. P. Lepage, SLAC-PUB-2540, shorter version contributed
to 20th Int. Conf. on High Energy Physics, Madison, Wisc., Jul 17-23, 1980.
[43] I. Balitsky, Nucl. Phys. B 463 (1996) 99.
[44] Y. V. Kovchegov, Phys. Rev. D 60 (1999) 034008.
[45] Y. V. Kovchegov, Phys. Rev. D 61 (2000) 074018.
[46] R. J. Glauber, Phys. Rev. 99 (1955) 1515.
[47] A. H. Mueller, Nucl. Phys. B 335 (1990) 115.
[48] R. W. Mcallister and R. Hofstadter, Phys. Rev. 102, 851 (1956).
[49] A. G. Shuvaev, K. J. Golec-Biernat, A. D. Martin and M. G. Ryskin, Phys. Rev. D 60
(1999) 014015.
[50] R. S. Thorne, A. D. Martin and W. J. Stirling, arXiv:hep-ph/0606244.
[51] A. M. Stas´to, K. Golec-Biernat and J. Kwiecin´ski, Phys. Rev. Lett. 86 (2001) 596.
[52] C. Marquet and L. Schoeffel, Phys. Lett. B 639 (2006) 471.
[53] S. Munier and R. Peschanski, Phys. Rev. Lett. 91 (2003) 232001.
[54] S. Munier and R. Peschanski, Phys. Rev. D 69 (2004) 034008.
[55] S. Munier and R. Peschanski, Phys. Rev. D 70 (2004) 077503.
[56] K. Golec-Biernat, L. Motyka and A. Stas´to, Phys. Rev. D 65 (2002) 074037.
[57] A. H. Mueller and D. N. Triantafyllopoulos, Nucl. Phys. B 640 (2002) 331.
[58] D. N. Triantafyllopoulos, Nucl. Phys. B 648 (2003) 293.
[59] R. S. Thorne, Phys. Rev. D 71 (2005) 054024.
[60] S. Eidelman et al. [Particle Data Group], Phys. Lett. B 592 (2004) 1.
[61] R. Ent, talk at DIS2006, April 2006, Tsukuba, Japan.
[62] H. Kowalski, talk at DIS2006, April 2006, Tsukuba, Japan.
[63] S. J. Brodsky, D. Chakrabarti, A. Harindranath, A. Mukherjee and J. P. Vary,
arXiv:hep-ph/0604262.
[64] D. Mu¨ller, arXiv:hep-ph/0605013.
47
[65] B. Surrow, talk at DIS2006, April 2006, Tsukuba, Japan.
[66] A. Deshpande, R. Milner, R. Venugopalan and W. Vogelsang, Ann. Rev. Nucl. Part. Sci.
55 (2005) 165.
48
